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Let L be the set consisting of  the first q positive integers. We prove in this paper that there 
does not exist a data structure for representing an arbitrary subset A of L which uses poly (IA[) 
cells of memory (where each cell holds c log q bits of information) and which the predecessor in A 
of an arbitrary x~_q can be determined by probing only a constant (independent of q) number 
of ceils. Actually our proof gives more: the theorem remains valid if  this number  is less than 
elog log q, that is D. E. Willard's algorithm [2] for finding the predecessor in O(log log q) time 
is optimal up to a constant factor. 

1. Introduction 

Let L={1 ,  ..., q} be the set of the first q positive integers and A a subset 
of L. We want to give a data structure (depending on A) so that for any xE L we 
could easily find the greatest element in A not exceeding x (preda (x)). Our data 
structure, together with the operations allowed on it will be within the cell probe 
model of  A. Yap ([3]). In this model the data is stored in m cells each of length b. 
(In our case b will be log q.) In each step we choose a cell (as a function of  the con- 
tents of all previously examined cells and x) and examine its content. After 1 steps 
as a function of  all of  the information that we have found in the examined ceils 
and knowing the element x, we have to tell what is preda (x). (We will denote 
by F the sequence of  the functions mentioned here. These functions cannot 
depend on A.) 

I f  ILl is sufficiently large (compared to IAI) and m=lAI,  then with a con- 
stant number of probes it is possible to find preda (x) (see [I]). Actually four probes 
are sufficient in this case and the algorithm works if 1,41< log q. Repeated applica- 
tion of  the same algorithm gives the following: for all t there is an I so that if I A I < 
<(log q)t then (in a suitable data structure depending on A) preda (x) can be 
found with I probes where the number of cells m=cl`4l. 

In this paper we show that for certain values of 1,41 (compared to q=lLI)  a 
constant number of probes is not sufficient for finding predA (x) even if the memory 
size m is a fixed power of  IA[. Therefore the positive results of  [1] are the best pos- 
sible in the following sense; for all l there is an No so that if k>No and q is suffi- 
ciently large then there is an A, with IAI =[(log q)k] SO that preda (x) cannot be 
found with I probes. (Here we suppose that an F is fixed independently of A.) 
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Actually we prove more. We give A randomly so that for each S ~ L  if 
ISl>q/log q then there is no F so that with a probability greater than 1/(q ~~ 
we find preda (x) in l steps for each xES. (Here we are speaking about  the prob- 
ability that the algorithm works for all xES and not  a different probability for 
each x). 

Our data structure will be a table T of  size g. T has g cells each containing b 
bits of  information, that is, a 0, 1 sequence of  length b. We will denote the contents of 
the i-th cell by T(i). I f  we want to answer a query using the table T as a memory, 
then according to the cellprobe model we go to a cell i0E {1, ..., g} (io depends on 
the query), then we choose the next cell as a function of  the contents of  the first cell 
and the query, we look at the second ceil, etc. In each step we choose the next cell 
as a function of  the contents of  the previously examined cells and the query. After l 
steps we give the answer as a function of  the contents of  all of  the examined ceils and 
the query. 

We will denote byf~ the function which determines the cell to be examined at 
the i-th step. So f0 is a function of  one variable and if x is a query thenf0(x)  is the 
cell what we have to examine first; that is io=fo(x), f j ,  0 < j < l ,  is a function of 
j + l  variables so that i f x  is the query and ao, ..., a j_ l  are the contents of  the cells 
io . . . .  , i j_l then ij=f~(ao, ..., a j_ l ,  x). The functionft  gives our answer; that i s f  is 
a function o f l + l  variables and ifao,  ..., a~_x are the contents of  the cells io, ..., it_l 
and x is the query then f(ao ..... at-~, x) is the returned value of  the algorithm. We 
call the sequence of  functions F =  (f0 . . . . .  fz) a program. F contains all o f  the rules 
which describe how will we proceed to get an answer if a table T and a query x is 
given. We will denote by FT(x) the returned value that we get using the table T and 
the program F. 

Example. I f  H is a subset of  the ordered set L xEL, then let predn(x) denote 
the greatest element of  H which is not  greater than x. (If  there is no such element 
in H then predn(x) is the smallest element of  L.) We want to give a program F and 
for all H c= L a table T(H) so that our procedure returns predn(x) for any query 
x, that is Frtm(x)=predn(x) for all H ~  L. I f  the number of  the cells in the table 
can be as large as ILl, then it can be done trivially. Indeed for each i<-q we may 
write predn(x,) in the i-th cell of  the table Tz where x~ is the i-th element 
of  L. 

We will consider questions depending on a subset H of  L (as for example 
predn(x)). I f  we want to answer such a question using a program which cannot 
depend on H then all of  the information concerning H must be given in the table 
T(H) which may depend on H but  not  on the query x. A cellprobe algorithm on 
L consists of  a program F a n d  for all HC=L a table T(H). I f  we get a query x con- 
cerning the set H ~ L  then we go to the table T(H) and perform the program f 
to get the answer F rtn)(x). 

Definition. A cellprobe algorithm of  type 1, b, g on L is a pair Q = (F, T)  where 
F is a program with l steps which works on tables with g cells each containing b 
bits of  information, and T is a function defined on the set of  subsets of  L so that 
if HC=L then T(H) is a table of  size g• I f  H i s  a subset of  L and x is an element 
of  L then we define the returned value of  Q at H, x by Q(H, x)=Fr<n~(x). 
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We will prove that if the number of steps l in the cellprobe algorithm is fixed 
and q=lLI is sufficiently large then there is no cellprobe algorithm which gives 
pred,(x) for all HC=L if the number of cells can be only a polynomial of IH[ 
and b the number of bits in each cell is at most log q. (Actually our proof gives 
somewhat more: the theorem remains valid if 1< a log log q where e depends only 
on lOglnlg where g is the number of cells. So Willard's algorithm ([2]) for finding 
the predecessor in O(log log q) time using O(log IH[) cells is the best possible up 
to a constant factor.) 

We may try to prove this statement by showing that if there is a cellprobe 
algorithm which gives predn(x) in l steps for each H and x, then there is another 
one (not on L but on a smaller universe L') which works in in l - 1  steps. Since 
it is easy to show that no cellprobe algorithm can work in one step this would imply 
our theorem. 

The argument given in our proof contains a similar reduction step, but we 
are able to carry out this reduction only for a weaker statement. (This way we actually 
prove more.) We substitute the requirement VH, x predn(x)=Q(H, x) with a 
weaker one. Namely instead of considering all HC=L, we will give H randomly 
according to a suitably defined distribution and require that our algorithm gives 
predn(x) with a high probability. The other change is that we require the equality 
predn(x)=Fr(x) not for all x but only on a set S of size at least q/logq. The fol- 
lowing definition shows how we will use the two concepts together. 

Definition. Let Q=(F, T) be a cellprobe algorithm on L, let A be a random 
variable each of whose values is a subset of L, S e L ,  and let p be a real number 
between 0 and 1. We say that S is p-good with respect to Q, A if P(V x~ S, F r(a) (x) = 
=pred,t (x)) _~p. 

We will prove that if l is fixed and q is sufficiently large, then there is a random 
variable A so that there is no q-~~ set S of size greater than q/log q. (Here 
we assume that the number of cells is a polynomial in IAI and each cell contains at 
most log q bits.) 

2. Sketch of the Proof 

First we define the random variable A. Let L i denote the partition of L into 
intervals of length approximately qZ-i. We will suppose that L e+t is a refinement of 
L ~ for i=  1 . . . . .  t where t is a large constant. A will depend also on a parameter k. 
We will suppose that that there is a cellprobe algorithm which works with Ak in l 
steps and we will prove that on a smaller universe there is another cellprobe algo- 
rithm which works for Ak-t in I--1 steps. 

We define A k by recursion on k. At is a random subset of L with (log q)~ 
elements. Suppose that Ak-1 is defined (for any ordered universe L). For each 
i=1, ..., t we pick (log q)5 random elements of L ~ with uniform probability. Let 
Y be the set of all of these intervals. We will suppose that the elements of Y are 
pairwise disjoint. If  JEY then J is an interval and J~L ~ for some i=1 . . . . .  t. 
The partition D +1 of L induces a partition on J. We will denote this partition by j r .  
(The classes of jx are intervals of length approximately IJI1/2.) Let L' =J/I t be 
the set of classes of j t  with the natural ordering. Now if we consider L' as a universe, 
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Ak-1 is already defined on it. (Each element o f  such an .,4k_ 1 is an interval of  L'.) 
For  each JE Y let Aj, k_ 1 be a random variable with the distribution of  Ak_ ~ defined 
on J/J1 so that these random variables for all JE Y are independent. Now we 
define Ak as the set of  the smallest elements of  the elements of  Aj, k_ 1 for  all JE Y. 
The number of elements in Ak is (log q)~ktk--x. 

In our proof  we will suppose that there is a cellprobe algorithm Q of  depth 
l and an SC=L, IS[~_q/logq so that S is q-l~ with respect to Q, As, and 
we will conclude that in a suitable other universe L' ,  IZ'l =q', there is a cellprobe 
algorithm Q' of  depth l -  1 and an S" ~L' ,  IS'I =>q'/log q" so that S" is (q')-~~ 
good with respect to Ak-1. We will reach contradiction by showing that A1 does 
not have this property. We will construct Q' from Q using three different operations 
on cellprobe algorithms which will be denoted by Q,~, QIJ, and Q/V respectively. 
Bo~fore we continue the sketch of the proof  we briefly describe these operations and 
their most important  properties. 

Qw. Assume that Q is a cellprobe algorithm and S is a subset of  L so that- 
ISl>-q/logq and S is p-good with respect to Q, Ak where p=q-~ogq. I f  we get 
a query x then according to our definitions we go to the cell f0(x) and consider its 
contents, where f0 is the function given in the program. The function f0 induces a 
partition on the set S, namely x, yES are in the same class if fo(x)=fo(y). I f  we 
substitute S by a class S '  of  this partition then the first cell to be examined is always 
the same, however its contents still will depend on the value of  Ak. Suppose that an 
S '  is fixed and z=fo(x ) for all xES'. Denote the contents of  this cell by w. (w is a 
random variable.) 

Assume now that a value for w is fixed. We define a new cellprobe algorithm 
Qw of  length l - 1 .  Qw will work the same way as Q works from the second step 
if the first examined cell was z and its contents w. That  is Qw=(T, F') with F ' =  
=(go . . . . .  gt-1), where g~(x)=f~+l(W, ao .. . . .  at-a, x) and a0, . . . ,a~-i  are thecon-  
tents of  the already examined cells. That  is at the first step we go to the cell where 
we would go at the second step performing the original algorithm, in the case where 
the contents of  the cell z is w, etc. 

The new algorithm Qw returns the same value as Q provided that xES" and 
T(A)(z)=w. Since there are only q possibilities for the values of  w we can pick w 
so that S '  is p/q-good with respect to Qw, Ak. Since p=q-iOgq, the parameter of  
"goodness" remained essentially the same however the size of  S" can be essentially 
smaller than S. Namely if our table has g cells then we known only that it is possible 
to pick S '  with S/S'<-g. Since we have no control on the location of  the set S '  
(and S)  it may happen that S" is an initial segment of  L of  size q/(g.  log q), which 
makes the problem trivial since the random set A k will not  intersect this initial 
segment. 

We will overcome this difficulty by considering S '  in another universe where 
S" is comparatively bigger. We will use the other two operations to construct 
this universe. 

Q/J. Suppose that J is an interval of  L and Q is a cellprobe algorithm. We 
want to define a cellprobe algorithm QIJ on the universe J which acts essentially 
the same way as Q only restricted to J .  We will suppose that an S ~ L  is given too 
and we try to define QIJ so that if Q returns the predecessor o f x  in G for all xES 
(for some G ~ L )  then QIJ returns the predecessor o f y  in GVIJ for all yEJAS.  
To define QIJ we have to give a table T'(H) for each HC=J and a program F ' .  
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If  Q = (T, F)  then F '  will be essentially the same as F with the only modification 
that if a value of J~ is outside J, then the corresponding value of (f~)' is the smallest 
element of  J. The table T'(H) is defined in the following way. Assume that HC=J. 
If  there is a GC_L so that for all xES Q(x, G)=Predo(x)  and GNJ=H then 
let T'(H)=T(G) otherwise we can defiine T'(H) arbitrarily. It is easy to see that 
with this definition QIJ meets the given requirements. Moreover this property 
of QIJ implies the following (which we actually will use in our proof). (See 
Lemma 4.) 

Suppose that J1 . . . . .  J~ are disjoint intervals of the ordered set L:  
i 

R0_--__ L--  U Jj, R1 ~ J1, .-., R~c Ji, are independent random variables, R =  
.i=1 

= U {Rj l j=0 ,  1, ..., i}, Q a cellprobe algorithm on L, and SC=L. I f S  is p-good 
with respect to Q, R and we have that for all j-> I SNJ  i s p f g o o d  with respect 

to QIJ-/, R-/(and p-/is maximal with this property) then I [  Pj-~P- 
.i=1 

Q/V. Suppose that Visa  partition of L into intervals (e.g. an L ~) and consider 
it as an ordered set with the natural ordering. We will denote this ordered set by 
L/V. The set S/V corresponding to S will be the set of intervals containing at least 
one point from S and similarly we may define the random variable A/V corre- 
sponding to A. It is easy to see that there is a cellprobe algorithm Q" on L/V with 
the same depth, so that if S is p-good with respect to Q, A then S/V is p-good with 
respect to Q', A/V. (Lemma 2.) 

Now we return to the proof. Let P be the partition on S induced by f0. We 
will prove a combinatorial lemma (Lemma 6) which essentially states that if we 
pick a random i<t and then a random JEL ~ (with uniform distribution in both 
cases), then with probability of  at least 1/(4t log q) there is a class C of P so that C 
intrseects at least IJ/Li+11/I/]-~q elements of J/L ~+1. The meaning of  this state- 
ment for us is that if we consider the universe J/L ~+1 then in this universe we will 
have a sufficiently, dense S ' ,  namely (CNJ)/L ~+1 can be S ' .  We have that, roughly 
speaking, a positive proportion of the intervals in all of  the L ~ has the property that 
at least one class of S is dense in them (in this case we will say that J has the density 
property). This has the following consequence: 

When we pick the value of A, the first step is to  choose the intervals of Y. 
From the more than (log q)5 elements of Y with high probability at least, (log q)~ 
will have the above mentioned density property. Let D be the set of these intervals. 
In the following we will suppose that D is fixed in a suitable way, and we will con- 
sider the random variable Ak with this condition. We will denote this random vari- 
able by Ak ~ We will choose D so that S is p-good with respect to Q, Ak ~ (To make 
our notation simpler we omit the superscript D in the following.) Suppose 
D =  {./1 . . . .  , J~}, s~( log  q)~ and for all 1 <=i<-s Pi is the maximal number so that 
SNJ~ is p~-good with respect to QIJ~, AkNJ~. Since the random variables AkNJ~ 
are mutually independent Lemma4  (described after the definition of  QIJ) 

implies that f[  p-/>=p. Since p>_q-lOs~ we have that for at least one i p~_l/2. 
j = l  

Let J=J~. 
S n J is 1/2-good with respect to QIJ, Ak N J, so now we can fix a value w of  

f0 so that Qw is still 1/(2q)-good with respect to QIJ, AkNJ. Let S = { x E S N  
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A JIf__o(x) = z}. J has the density property so we may suppose that ,~ intersects at least 
IJl[l/q classes of j1. Therefore if we consider the factor universe J/J~, then here the 
corresponding set S/J will be (q,)-log q'-good with respect to (QIJw)/J x, Ak fq j/j1 
where q ' =  IJ/Jll. According to the definition of  Ak the random variable A~-I = 
= (A k f-I J)/J~. which proves our statement, 

. 

Suppose now that S is p-good with respect to Q, R where Q is of type I, b, g 
and RC=L is an arbitrary random variable. The following definition and lemma 
shows how can we deduce from the existence of such a Q the existence of  another 
cellprobe algorithm Q'(=Q,~) of type 1 -1 ,  b, g which still has a p '-good set S" 
with respect to Q', R, and so that p/p" is not too big. 

Assume that Q=(F, T), HC=L and xEL. When we determine the value of 
F rcn) (x) then at the first step we inspect the contents of a cell i0 (where io depends 
only on x). Suppose that the contents of  i0 is w. After this step we examine only I -  1 

cells and if  the value of w is fixed it is like performing a cellprobe algorithm of length 
l - 1 .  So for a fixed w we can define a cellprobe algorithm Qw=(Fw, T) of type 
l - 1 ,  b, g where Tis  the same as in Q, and F~, is the last 1--I steps of Fus ing  the 
assumption that the contents of  the first examined cell is w. In the following we give 
a more formal definition. 

Definition. Let Q = (F, T) be a cellprobe algorithm of type l, b, g on L F =  (f0 . . . . .  f~). 
I f  w is a 0, I sequence of  length b then let F w = <f0 w . . . . .  J~-l) wherefj~l (z0, ..., z j) = 
=fj(w, z0, ...,z~) for j = l ,  . . . , l .  Let Qw=(F~, T). Qw is a cellprobe algorithm 
of  type ( l -  1, b, g) on L. 

The following lemma states that it is possible to fix w so that if Q'=Q~ 
and S '  is a subset of S where the function fo is constant then the ratio pip' 
is at most 2 b. 

Lemma 1. Let Q=(F, T) be a cellprobe algorithm of type l, b, g on L, let RC=L 
be a random variable, let S ~ L ,  and 0_~p_~l, and suppose that S is p-good with 
respect to Q, R. I f  xoES and S'={yESlfo(xo)=fo(y)}, where F = ( f 0  . . . .  ,fl),  
then there exists a 0, 1 sequence w of length b so that S" is 2-bp-good with respect 
to Q~,R.  

Proof. Since there are only 2 b possibilities for the contents of the cell i=fo(xo), 
there is a w so that P((T(R))(i)=w for all yES'Q(R, y)=pred~(y) )~2  -b. Since 
P(V yE S" Q(R, y) =predR(y))_~p we have 

( , )  P((T(R)(i) = w and for all yES'Q(R,y)  = predR(y))~2-bp. 

yES" implies f 0 - i ,  hence from T(R(i))=w follows: for all yES" Q(R, y)= 
=Q~(R, y). Thus ( . )  is equivalent to the assertion of  our Lemma. l 

In the following we give somewhat more general definitions for Q]J and 
Q/V than in the sketch of  the proof. The following definitions have an algebraic 
character. I f  we have only the ordered set L we may define substructures and factor- 
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structures of  L. A substructure will be an interval of  L with the induced ordering, 
a factor-structure of  L will be a set of  intervals which form a partition of  L with 
the natural ordering. In both cases if a cellprobe algorithm is given in L we will 
define corresponding cellprobe algorithms on substructures and factor-structures 
in a natural (but not unique) way. We will show that these algorithms preserve 
and sometimes even amplify the nice properties of  Q. 

Definitions. 1. I f  W is a partition of  an ordered set into intervals then on the classes 
of W we may define a linear ordering by J~<J2 iff for all xEJ1 and yEJ~ we 
have x<y .  We will denote this ordered set by L/W. If  S C=L S / W  will be the 
set of those elements of  L]W which contain at least one point from S. I f  UC=L/W 
then U - w  will be the set of  the smallest elements of  the elements of  U. 

In the following definition we will give a factor algorithm Q/W on the factor 
structure. This definition also will depend on a function a. For  each element J of  
L/W a(J) will be an element of  J. We will define Q/W so that (Q/W)(U, J) is the 
unique interval containing Q(U -w, a(J)). When we will use this definition the 
choice of  a will depend on the set S as is described in Lemma 2 below. 

2. Let Q = ( F ,  T)  be a celIprobe algorithm on L, let W be a partition of  L into 
intervals, and let r for all aTE IV. We define a cellprobe algorithm Q~/W= 
= ( F ' ,  T ' )  on L / W  in the following way: 

First we give the function T '  that tells how we should fill out the table when 
a subset UC=L/W is given. Let T' (U)=T(U-W) .  Now we have to define the 
program F '  which specifies when a query JEL/W is given, how will we examine 
cells in the table T'(U) and at the last step what will be our answer. 

We will do everything but  the last step in the same way as in the case of  the 
original algorithms Q when the query is or(J) and the given subset is U -w. That  
is we examine the cells of  the table T(U -w) = T'(U) according to the rules given 
by F if the query is a(J) .  In the last step we get an answer z which is an element 
of L. Now our answer will be the unique element of  L]W containing z. In a more 
formal way we can say that F'=(ho . . . . .  hl) where F = ( f o  . . . .  , f l )  and for each 
i = 0  . . . . .  l - 1  we have hl(xo . . . . .  x~-l, J )  =fi(x0 . . . . .  x~_l, tr(J)) and hl(xo . . . . .  x t - l , J )  
is the unique interval in W containing fz(x0, ..., xz-1, tr(J)). 

Lemma 2. Let L be an ordered set, 14," a partition of  L into intervals, Q a cellprobe 
algorithm on L and S ~ L .  There exists a map ~ of  L / W  into L so that, for all 
UC:L/W we have: VxESQ(U -w, x)=Predv-w(x) implies VJES/W(Q~)(U, J ) =  
=Predv  (J), where S / W  is the set o f  classes of  S which contains at least one 

point from S. 

Proof. For  JEL/W let o'(J) bo an arbitrary element of  J O S  provided that J N S  
is nonempty;  otherwise let tr(S) be an arbitrary element of J. Our assertion follows 
immediately from the definition of  Q*/W. 

Corollary. Let L be an ordered set, W a partition of  L into intervals, Q a cellprobe 
algorithm on L, SC=L, RC=L a random variable, and 0<_-p=<l. Suppose there 
is a random variable R' C=L/Vv" so that R ' -W=R.  I f  S is p-good with respect to 
Q, R then there is a fimction tr so that S / W  is p-good with respect to Qr R'. 
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Proof. I f  a value of  R satisfies the equation given in the definition of  p-goodness, 
then according to Lemma 2 the corresponding value of R" also satisfies this equation. 

If  J is an interval of L and Q is a ceUprobe algorithm on L then we will define 
a cellprobe algorithm Q~]J on J, where a is a map from the set of all subsets of d 
into the set of all subsets of L. The choice of a again will depend on S. Our 
aim is to define Q~IJ so that (Q~IJ)(H, x)= Q(a(H), x) provided that the latter is 
an element of J. 

Definition. I f  Q = (F ,  T) is a cellprobe algorithm on L and J is an interval on 
L and a is a map from the power set of J into the power set of L, then we define 
a cellprobe algorithm Q'IJ=(F', T') on J. Let T'(H)=T(a(H)) for all HC=J. 
The program F '  is the same as the program F except for its last step. I f  F gives 
an answer which is an element of J then this will be the answer of  F'  too. I f  the 
answer returned by F is not in J then the corresponding answer of F" will be the 
smallest element of  J. That is if F = ( f o  . . . .  ,ft> then F ' = ( f o  . . . . .  f~-l ,  h) where 
h ( ~ ) = f ( 1 )  if f l (~)EJ and h ( $ ) = m i n ( J )  otherwise. 

Lemma 3. Let J be an interval of  the ordered set L, S C=L and Q a cellprobe algo- 
rithm on L. There exists a map a from the power set of  J into the power set of  L so 
that for each fixed yC=L ifV xE SQ( Y, x)=predr(x) then V xE J nS(Q~lJ)( YNJ, x)=  
=pred~ns(X ). (For H c=J, pred~ designates the predecessor function for the 
universe J). 

Proof. Indeed if HC=J then we will consider two possibilities: 
(I) there is a G E L  with G N J = H  and VxESnJQ(G,x)=pred6(x); 
in this case let a ( H ) = G  (for some G with this property). 
(2) there is no subset of L which satisfies (I), 
in that case let o-(H) be an arbitrary subset of  L. 
Now let Y ~ L  be fixed with the property VxESQ(Y, x)=predr(x).  H = Y N J  
obviously satisfies (1) (e.g. with G=Y), so a ( H ) = Y  which implies our 
assertion. I 

i 
Lemma 4. Let J1, ..., J~ be disjoint intervals of  the ordered set L; Ro C=L-- U J~, 

j = l  
RI ~=J1 . . . . .  Rt c=Ji, independent random variables, R =  U {RjI j=0,  1 . . . . .  i}, Q a 
cellprobe algorithm on L, and S C=L. 

I f  S is p-good with respect to Q, R then there are al . . . .  , ai so that, i f  for all 
j~-I s n J  1 is pj-good with respect to O~lJj, Rj, a=crj (and P1 is maximal with 

f 

this property) then 1[ Pj ~-P. 
j = l  

Proof. Apply Lemma 3 with J~J j  and let aj=o' .  Suppose now that for some 
fixed value of the random variable R we have VxESQ(R, x)=predR(x). Lemma 3. 
implies that for each j =  1, ..., i we have VxEJiNS(Q'IJi)(RGJj, x)=pred~Jnj ~ (x) 
The first equation holds with probability at least p, the second with probability pj, 

and the random variables Rj are independent so we have lIPj~_p. 
j = l  

In the following we give the definition of  the random variable Ak. In the 
sketch of  the proof  we said that we partition L into intervals of  length approxi- 
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mately ILl I/2. As we describe in the following definition we will actually partition 
L into intervals whose length (with one possible exception) is [ILl a/2] and the excep- 
tional interval is not longer. The exceptional intervals make the definitions some- 
what cumbersome, but they do not cause any serious problems in the proof�9 

Definition. Let L be an ordered set. L ~ will denote the partition of L into intervals, 
where each interval but the greatest one (according to the ordering in L/L ~) con- 
tains exactly [ILl ~/2] elements and the greatest interval contains at most [ILl x~2] 
elements. We call the greatest interval exceptional if it contains less than [ILl 1/~] 
elements. For  any i we define a partition L ~ of L by induction on i. Let 
L~= {Jlthere exists KEL i-~, JEK~}. (That is for each interval K of L which is a class 
of L ~-~ we form the partition (of K) KL The classes of  all of these partitions together 
form the partition L~.) We say that J is exceptional in L ~ if either the corresponding 
K is exceptional in L '+1 or J is exceptional in KL Obviously [ U {JELt] J is excep- 

i 
tional in Lt}l ~_ ~ '  ILII-~-J~_21LI 1-2-'. 

Before we start the the proof of  the theorem we remark that there are a few 
technical points where the sketch and the actual proof  differ: 

(1) The definition of the random variable Ak. 
Since we define the random variable on different universes we will denote 

the random variable defined on the universe L by Ar.,k. In the sketch we used a 
constant t as a parameter in the definition of Ak. Now, to make the formula- 
tion of the theorem simpler we will replace t by loglog ILl but in the actual proof  
we will use only that part of AL,~ which occurred also in the original definition. 

(2) In the original formulation of our theorem we said that each cell con- 
tains log ILl bits of  information. We prove that given the existence of a cellprobe 
algorithm with certain properties, another cellprobe algorithm of smaller length 
exists on another universe L" with the same properties. Since [L'[< ILl if we insist 
on b= log  ILl, then in the new universe the cell length b' can be smaller than the 
original cell length b, which creates considerable difficulties in the proof. To avoid 
this situation we will suppose that b=c log ILl for some constant c. (c does not 
depend on ILl but it may depend on l or k.) The constant c'( b'=c" log ILl) can be 
bigger than e but it still remains a constant. 

Definition. We define a random variable Ar.,k EL for any ordered set L and posi- 
tive integer k. For k = l  let AL.k be a random subset of L with [(log ILl)] n ele- 
ments. Suppose AL, k-~ is defined for any ordered set L. Let Z be the set of  all systems 
of intervals I~,1 i =  1 . . . . .  [log log ILl] j =  1 . . . . .  [(log ILl) ~] so that all Ii. j are pair- 
wise disjoint and for a fixed i, I~,j is a nonexceptional element of  L~ for all j .  

Let H =  {/~,j} be a random element of Z with uniform distribution on Z. For  
each It, j let us consider the ordered set L~,j=/~,J(/~,i) 1. According to our inductive 
hypotheses AL,, k-1 is already defined. Let us suppose that the random variables 

�9 , 7  

Ar,,j,k--t are independent. 
Let Az, k = U  {min JIJCA,j,k-x}, that is the set of minimal elements of the 

i , j  
intervals occurring in some Ar.,,j.k-1. 
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Remarks. 1. In the definition of It, j ,  i is between 1 and [log log ILl]. Actually 
we may substitute [log log ILl] by any function F whichis not greater than log log ILl 
and increasingly tends to infinity with ILl. We will use only values of i which do not 
depend on ILl. 
2. (log ILI)Sk-I~_IAL,~I~_(IoglLI) 5k+1 if ILl is sufficiently large compared to k. 

Definition. Let I be a nonnegative integer and k a positive integer. Pt, k will be the 
following assertion: there exist cl, c2>0 such that for any No there is an ordered 
set L, ILl>No and a cellprobe algorithm Q on L of type (/, b, g), b---[c2 log ILl], 
g=[(log ILl)C,] and a set S ~ L ,  ISl>-ILI/log ILl so that S is 1/(ILll~ 
with respect to Q, AL, k. 

Theorem. (a) I f  l>0, k > l  then Pz.k implies Pz-l,k-X. 
(b) Po,~ does not hoM for any k >  l. 

Proof.  (b) Suppose Po, k holds and Q is an algorithm of type (0, (log q)r c~ log q) 
given in the definition of P0,k. The definition of a program (f0 . . . .  ,f~), implies 
that if I=0 then Fr(x)  does not depend on T. So we have that Q(AL, k, X) does 
not depend on Az, k which clearly contradicts the assumptions "S  is q-~o*q-good 
with respect to Q, AL, k; ISI :>q/log q". 

The following Lemma implies (a). 

I.emma 5. Given l>0,  k > l ,  cj, c~>O there exists a positive integer u such that 
/f ILl is sufficiently large and Q is a cellprobe algorithm on L of  type (l, b, g), 
b=[e2 log ILl], g:-[(Iog ILI)cq, SO=L, ILl/log ILl, and S is [L[-~~ with 
respect to Q, AL,k then there is an i~_u and a nonexceptional interval J in L a and an 
xoES and a O, 1 sequence w of  length [c2 log ILl] with the following property: 

I f  S '={yESNJ l fo (y )= fo (xo ) }  where Q=(F,  T),  F=( f0  . . . .  ,fz), then for 
suitable al,  a~ S ' / J  1 is (1/2)lLl-r with respect to (Q'IlJ)~, Asm, k-x and 
IS'IdOl _->lj/jli/log IJ/J~l. 

First we prove a combinatorial lemma necessary for the proof of Lemma 5. 

Definition. Suppose Q~, ..., Q~+~ is a sequence of partitions of the finite set L so 
that for all i=1 . . . . .  u Q~+~ is a refinement of Q~, SC=L and P is an arbitrary 
partition of S. We say that P is d-dense in the set KE Q~ (where d >  1) with respect 
to Q~+~ if there is a CEP with ILl {K'IK'EQi+I and K'C_K and K'AC#0}I_~ 
>-O/d) IKI. 

Lemma 6. For all natural numbers t there exists a natural number u such that i f  
L is afinite set, d> 1, Q~ . . . .  , Q~ is a sequence of  partitions of L, Q~+~ is a refinement 
o f  Qi for  all i = 1 . . . . .  u; S c= L, I SI > (1/d) ILl and P is a partition o f  S with at most d' 
classes, then 

(*)  I U {KI there exists an i< u with K E Qt and P is ~"d dense in K with respect to 
Q~+~}I>-(I/2d)ILI. 

Proof.  Let us define a subset R~ of Q~ for all i = l  . . . . .  u .  For  i = l  and K6QI 
let KER~ i f fP  is not l ~  dense in K and KO([..J P )#0 .  For i>1 and K6Q~ let 
KCRi iff P is not 1/~ dense in K, Kf)(~_i P ) # 0  and there is a K'EQ~_x with 
KC=K ", K'ERt_~. For all i = l , . . . , u  and CEP let R~(C)={K61~dKfqC~O}. 
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First we prove that for all CEP and i 

(1") [U{KIKE R,+I(C)}[ ~- (1]g~)IU{KIKER,(C)}[. 

Indeed for all K'ER~(C) there is a KER~_I(C) with K '  C=K so it is sufficient 
to prove that 

(2*) for all KER,_a(C) we have [U{K'[K'EI{,(C) and g'c=K}l 

< -  (1/ )lKJ _ _  �9 

KER~_I implies that P is not ]/d" dense in K, therefore [U {KEQIIK' C=K and 
K'N C ~ 0}[-<_ 1/~/d [g[ which by the definition of  R implies ( 2 . )  and therefore (1 �9 ). 
According to (1 . )  if u is sufficiently large compared to t then U {KIKER,,(C)} ~_ 
~_(1/2dt+~)[LI for all CEP that is U {K[KERu} ~_(1/2d)IL[.' 

Let H={KEQulKN(U [UH[>-O/d)ILI and for all KEH--R  
P is I/d dense either in K or in a set in some Qt, i<u containing K, that is 
we have ( . ) .  !1 

Proof of Lemma 5. First we formulate 8 steps of the proof, then we prove each 
step separately. These steps correspond to the various stages of the proof given in 
the sketch. 

Step 1. We will use the following notation: if i is a positive integer n(L t) will be 
the set of  all nonexceptional intervals of  L ~. Let P be the partition of  S induced by 
f0, that is x, y are in the same class iff fo(x)=fo(Y). Let d(Li)={JEn(L~)IP is 
1/~g ILl dense in J with respect to D+~}. Our statement is the following: 

There is a u>0 ,  where u depends only on ca so that for some i~_u 
Id(Z')l/In(L )l >-_ 1/(4u log ILl). 
Step 2. Let {/~,i} be the system of random intervals given in the definition of  Az,k. 
There is a u > 0  depending only on c~ so that for some fixed io~_u we have 

P(I{I~o.jEd(Lt*)}[ ~_ (log ILl) z) => 1-(1/2)ILl -'~ 

Step 3. Assume that io is the integer from Step 2. I f  D C=d(Lio) then we define a 
new random variable A~ k whose distribution is the same as the distribution of 
Az k with the condition '{/to l}Ad(L~~ =D, that is for any X ~ L  P(X=AL,k)= 

Our assertion is the following: there exists a subset D of  d(L~o) with at least 
(log ILl) s elements, so that S is (1/2)(ILI)-i~ with respect to Q, A~ 

Step 4. Let D C=d(Lt~ as defined in Step 3. There exists a JED so that SNJ 
is 1/2-good with respect to Q~IJ, A~ J for a suitable a~. 

Step 5. If  JED is the interval from Step 4, then there is an xoES so that if 
S'= {yE SNJl f(xo)=f(y)}, then I{gCJ lgnS'+0}l_ (log IZl)-a/mlJa I. 

Step 6. There exists a 0, 1 sequence w of length b so that S '  is 1/21Ll-r 
with respect to (Q+,IJ)~,, o Az,,~ M J. 
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Step 7. S ' /J  ~ is 1/2ILl-q-good with respect to ((Q',IJ)~)',/J~, (ALO, kf-IJ)IJ ~ for a 
suitable 0"2. 

Step 8. (A~,k OJ)/J I=AslJ~,~-I. 
We complete the proof of  Lemma 5 by observing that Step 5 and Step 7 

and Step 8 implies that that the random variable As/sx, k-x meets the requirements of 
the lemma. 

Proof. Step 1. Let us apply Lemma 6 with Q~=L i, d=log  ILl, t=ct.  Since the 
exceptional intervals in L 1, ..., L" cover only 2 ILl t-~-" elements (see remark after 

the definition), Lemma 6 implies that U Ud(Li)>--[LI/(3 log ILl) so there is an 
i=J. 

i<--u with the required property. 

Step 2. We will denote by i 0 the number i whose existence is stated in Step 1. Let 
U denote the set of those intervals in {l~,fl which are not of the form Ito, j. It is enough 
to prove our assertion for the conditional probability with the condition U =  U0 
for all possible values of U0. 

I f  U =  Uo is fixed then the intervals l~o,j are taken randomly with uniform 
distribution from the set of  those nonexceptional intervals of LJo which are dis- 
joint from UU0. Let B be the set of those elements of  n(Lt,) which are disjoint 
from all of  the intervals in Uo. According to the definition of Aj,~ IBI _~ 
_~(1--1/(100u log ILI))n(U~ Step 1 and this inequality implies that [BAd(L~o)I >= 
~--IBI/(5u log ILl). Since {Iio, j } is a random subset of B with (log ILl) 5 elements 
it is easy to see that 

P(I {Ito, sCd(L'O}I ~_ (log ILl) z) _~ 1-(I/2)IL1-1~ 

Actually here we are using only the following probabilistic fact: I f  H is a finite 
set and X is a subset of IHI with more than (1/(c log IHI))IHI elements and Y is 
a random subset of [HI with (log [HI) n elements then P(IXf'I Yl>(log IHI)3) -> 
_~ 1 - (I/2)IHI-~176 lUl)2. Here we have IH[ -> ILl x/2. 

Step 3. According to Step2 e(l{I~o,j}Nd(Z~o)l~(log IZl)a)~l-(1/2)lZ[ -'~ 
Therefore the ILl-l~ goodness of  S implies that 

P(V x~ SQ(x, AL, D = predaL, k(x)l I{I~o,j}Nd(L'o)I > (1 ILl) z) > (1/2)ILl -l~ = og = 

Since for all distinct D (IDI-->(log ILl) z) the sets {XlX=AL, k and {I~o.j}N 
Ad(Lto)=D} are disjoint we have that for at least one D (with [Dl_->(log ILl)Z): 

P(VxCSQ(x, AL.~) = predaL, k(x)l {I~o,~}Nd(Uo) = D) >- (1/2)ILl -1~ 

Step 4. Let D={J1 . . . .  , J,}, s=>(log IL]) z. Apply Lemma 4 with R,=A~ kfqJt, 
i=1  . . . . .  s R0=A~-[_J D. If  for all i=1 ,  . . . ,s p,<-l/2 then p<(1/2)lL] "-"l~ 
in contradiction to our assumption. 

Step 5. Our assertion is an immediate consequence of JCd(Lio). 
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Step 6. Apply Lemma 1 with L~J, R~A~,kNJ, S-,.S" and Q-~(Q',IJ. 

Step 7. Apply the Corollary of  Lemma 2 with L-~J, W~J 1, R-~A~,kNJ, R'= 
=A~,kfqJ/J 1, S-~S'. 

Step 8. Our assertion follows from the recursive definition of Az, k. 
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