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Let L be the set consisting of the first ¢ positive integers. We prove in this paper that there
does not exist a data structure for representing an arbitrary subset A of L which uses poly (]4])
cells of memory (where each cell holds ¢ log ¢ bits of information) and which the predecessor in 4
of an arbitrary x=g¢g can be determined by probing only a constant (independent of g) number
of cells. Actually our proof gives more: the theorem remains valid if this number is less than
eloglog g, that is D. E. Willard’s algorithm {2] for finding the predecessor in O(log log g) time
is optimal up to a constant factor.

1. Introduction

Let L={l,...,q} be the set of the first ¢ positive integers and 4 a subset
of L. We want to give a data structure (depending on A) so that for any x€L we
could easily find the greatest element in A not exceeding x (pred, (x)). Our data
structure, together with the operations allowed on it will be within the cell probe
model of 4. Yao ([3]). In this model the data is stored in m cells each of length b.
(In our case b will be log g.) In each step we choose a cell (as a function of the con-
tents of all previously examined cells and x) and examine its content. After / steps
as a function of all of the information that we have found in the examined cells
and knowing the element x, we have to tell what is pred, (x). (We will denote
by F the sequence of the functions mentioned here. These functions cannot
depend on A.)

If |L}] is sufficiently large (compared to |A4]) and m=|A|, then with a con-
stant number of probes it is possible to find pred, (x) (see [1]). Actually four probes
are sufficient in this case and the algorithm works if |4|<logq. Repeated applica-
tion of the same algorithm gives the following: for all ¢ there is an /so that if |A|<
<(log gy then (in a suitable data structure depending on A4) pred, (x) can be
found with I probes where the number of cells m=c|A|.

In this paper we show that for certain values of |A4| (compared to g=|L}) a
constant number of probes is not sufficient for finding pred, (x) even if the memory
size m is a fixed power of |A4|. Therefore the positive results of [1] are the best pos-
sible in the following sense; for all / there is an Ny so that if k>N, and ¢ is suffi-
ciently large then there is an 4, with |A4]=[(log ¢)*] so that pred, (x) cannot be
found with I probes. (Here we suppose that an F is fixed independently of A4.)
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Actually we prove more. We give 4 randomly so that for each SEL if
|S|=q/log g then there is no F so that with a probability greater than 1/(¢g"%9)
we find pred, (x) in I steps for each x€S. (Here we are speaking about the prob-
ability that the algorithm works for all x€S and not a different probability for
each x).

Our data structure will be a table T of size g. 7 has g cells each containing b
bits of information, that is, a 0, 1 sequence of length b. We will denote the contents of
the i-th cell by T'(i). If we want to answer a query using the table T as a memory,
then according to the cellprobe model we go to a cell i,€{l, ..., g} (i, depends on
the query), then we choose the next cell as a function of the contents of the first cell
and the query, we look at the second cell, etc. In each step we choose the next cell
as a function of the contents of the previously examined cells and the query. After /
steps we give the answer as a function of the contents of all of the examined cells and
the query.

We will denote by f; the function which determines the cell to be examined at
the i-th step. So f, is a function of one variable and if x is a query then f3(x) is the
cell what we have to examine first; that is /,=£,(x). f;, O<j</, is a function of
J+1 variables so that if x is the query and a,, ..., a;_, are the contents of the cells
fys -5 j—y then i;=f;(aq, ..., a;_1, X). The function f; gives our answer; that is f; is
a function of /+1 variables and if 4y, ..., a,_, are the contents of the cells é,, ..., §_;
and x is the query then fi(aq, ..., a;_1, x) is the returned value of the algorithm. We
call the sequence of functions F={f, ...,f;) a program. F contains all of the rules
which describe how will we proceed to get an answer if a table 7" and a query x is
given. We will denote by F7(x) the returned value that we get using the table T and
the program F.

Example. If H is a subset of the ordered set L xcL, then let predy(x) denote
the greatest element of H which is not greater than x. (If there is no such element
in H then predy(x) is the smallest element of L.) We want to give a program F and
for all HEL a table T(H) so that our procedure returns predy(x) for any query
x, that is FT¥(x)=predy(x) for all H< L. If the number of the cells in the table
can be as large as [L|, then it can be done trivially. Indeed for each i=g we may
write predy(x;) in the i-th cell of the table T, where x; is the i-th element
of L. :

We will consider questions depending on a subset H of L (as for example
predy(x)). If we want to answer such a question using a program which cannot
depend on H then all of the information concerning H must be given in the table
T(H) which may depend on H but not on the query x. A cellprobe algorithm on
L consists of a program F and for all HCL a table T(H). If we get a query x con-
cerning the set HEL then we go to the table T(H) and perform the program F
to get the answer FTUD (x).

Definition. A cellprobe algorithm of type /, b, g on L is a pair Q=(F, T) where
F is a program with / steps which works on tables with g cells each containing &
bits of information, and T is a function defined on the set of subsets of L so that
if HEL then T(H)is a table of size gXb. If His a subset of L and x is an element
of L then we define the returned value of Q at H, x by Q(H, x)=FT(x).
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We will prove that if the number of steps / in the cellprobe algorithm is fixed
and g=|L| is sufficiently large then there is no cellprobe algorithm which gives
predy(x) for all HESL if the number of cells can be only a polynomial of |H|
and b the number of bits in each cell is at most logg. (Actually our proof gives
somewhat more: the theorem remains valid if /<eloglog g where ¢ depends only
on logyg where g is the number of cells. So Willard’s algorlthm ([2]) for finding
the predecessor in O(logloggq) time using O(log |H|) cells is the best possible up
to a constant factor.)

We may try to prove this statement by showing that if there is a cellprobe
algorithm which gives predg(x) in ! steps for each H and x, then there is another
one (not on L but on a smaller universe L”) which works in in /—1 steps. Since
it is easy to show that no cellprobe algorithm can work in one step this would imply
our theorem.

The argument given in our proof contains a similar reduction step, but we
are able to carry out this reduction only for a weaker statement. (This way we actually
prove more.) We substitute the requirement YV H, x predy(x)=Q(H, x) with a
weaker one. Namely instead of considering all HEL, we will give H randomly
according to a suitably defined distribution and require that our algorithm gives
predy(x) with a high probability. The other change is that we require the equality
predg(x)=FT(x) not for all x but only on a set S of size at least g/logg. The fol-
lowing definition shows how we will use the two concepts together.

Definition. Let Q=(F,T) be a cellprobe algorithm on L, let 4 be a random
variable each of whose values is a subset of L, SSL, and let p be a real number
between 0 and 1. We say that S'is p-good with respect to Q, 4if P(Vx€S, FT¥ (x)=

=pred, (x))=p.

We will prove that if /is fixed and q is sufficiently large, then there is a random
variable A4 so that there is no g—°89-good set S of size greater than g/log q. (Here
we assume that the number of cells is a polynomial in |A4| and each cell contains at
most log g bits.)

2. Sketch of the Proof

First we define the random variable A. Let L' denote the partition of L into
intervals of length approximately ¢*~‘. We will suppose that L'+1 is a refinement of
Lifor i=1,...,¢t where ¢ is a large constant. 4 will depend also on a parameter k.
We will suppose that that there is a cellprobe algorithm which works with A4, in /
steps and we will prove that on a smaller universe there is another cellprobe algo-
rithm which works for 4;_, in /—1 steps.

We define 4, by recursion on k. 4, is a random subset of L with (log ¢)°
elements. Suppose that A,_; is defined (for any ordered universe L). For each
i=1,...,t we pick (logg)® random elements of L' with uniform probability. Let
Y be the set of all of these intervals. We will suppose that the elements of Y are
pairwise disjoint. If JE€Y then J is an interval and JeL' for some i=1,...,¢
The partition Li*+* of L induces a partition on J. We will denote this partition by J*.
(The classes of J* are intervals of length approximately |J{¥2) Let L’=J/J! be
the set of classes of J* with the natural ordering. Now if we consider L’ as a universe,
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A1 is already defined on it. (Fach element of such an A4, _, is an interval of L))
For each JCY let 4, ,_, be a random variable with the distribution of 4,_, defined
on J/J! so that these random variables for all JEY are independent. Now we
define A, as the set of the smallest elements of the elements of A; ,_, for all JEY.
The number of elements in 4, is (log g)* *-2,

In our proof we will suppose that there is a cellprobe algorithm Q of depth
land an SCSL, |S|=¢q/logg so that §is g~'°#%-good with respect to Q, 4., and
we will conclude that in a suitable other universe L', |L’|=¢’, there is a cellprobe
algorithm Q’ of depth /—1 and an S’ SL/, |S’|=¢q'/logq’ so that S’ is (") 27
good with respect to A,_;. We will reach contradiction by showing that 4, does
not have this property. We will construct Q’ from Q using three different operations
on cellprobe algorithms which will be denoted by Q,,, O|J, and Q/V respectively.
Bzfore we continue the sketch of the proof we briefly describe these operations and
their most important properties.

Q.. Assume that Q is a cellprobe algorithm and S is a subset of L so that
|Si=q/logq and S is p-good with respect to Q, A4, where p=g~°8% If we get
a query x then according to our definitions we go to the cell f(x) and consider its
contents, where f; is the function given in the program. The function f; induces a
partition on the set S, namely x, y€S are in the same class if f,(x)=/,(p). If we
substitute .5 by a class S’ of this partition then the first cell to be examined is always
the same, however its contents still will depend on the value of A,. Suppose that an
S’ is fixed and z=f;(x) for all x€S’. Denote the contents of this cell by w. (wis a
random variable.)

Assume now that a value for w is fixed. We define a new cellprobe algorithm
Q,, of length /—1. Q, will work the same way as Q works from the second step
if the first examined cell was z and its contents w. That is Q,,=(T, F’) with F'=
=(gos ---s Zi—1)» Where g (x)=f;+1(W, g, ..., @;_3, X) and a, ..., a;_, are the con-
tents of the already examined cells. That is at the first step we go to the cell where
we would go at the second step performing the original algorithm, in the case where
the contents of the cell z is w, etc.

The new algorithm Q,, returns the same value as Q provided that x€S’ and
T(A)(z)=w. Since there are only g possibilities for the values of w we can pick w
so that S is p/g-good with respect to Q,,, 4,. Since p=g~18%, the parameter of
“goodness” remained essentially the same however the size of S’ can be essentially
smaller than S. Namely if our table has g cells then we known only that it is possible
to pick S’ with §/S"=g. Since we have no control on the location of the set S’
(and ) it may happen that S” is an initial segment of L of size q/(g*log ¢g), which
makes the problem trivial since the random set 4; will not intersect this initial
segment.

We will overcome this difficulty by considering S” in another universe where
S’ is comparatively bigger. We will use the other two operations to construct
this universe.

Q/J. Suppose that J is an interval of L and @ is a cellprobe algorithm. We
want to define a cellprobe algorithm Q|J on the universe J which acts essentially
the same way as Q only restricted to J. We will suppose that an S &L is given too
and we try to define |/ so that if Q returns the predecessor of x in G for all xS
(for some G S L) then Q|J returns the predecessor of y in GNJ for all yeJNS.
To define Q|J we have to give a table T(H) for each HSJ and a program F'.
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If Q=(T, F) then F’ will be essentially the same as F with the only modification
that if a value of f; is outside J, then the corresponding value of (f;) is the smallest
element of J. The table T°(H) is defined in the following way. Assume that HSJ.
If there isa GS L so that for all x€S Q(x, G)=Predg(x) and GMNJ=H then
let 7" (H)=T(G) otherwise we can defiine T’(H) arbitrarily. It is easy to see that
with this definition Q|J meets the given requirements. Moreover this property
of Q|J implies the following (which we actually will use in our proof). (See
Lemma 4.)

Suppose that J;,...,J; are disjoint intervals of the ordered set L:

R,CS L— U R,C A, ...,R S, are independent random variables, R=

= U{R; Ij 0 1, ..., i}, O a cellprobe algorithm on L, and SEL. If Sis p-good
with respect to Q, R and we have that for all j=1 SNJ is pj-good with respect

to QlJ;, R; (and p; is maximal with this property) then [[ Di=
Jj=1

Q/V. Suppose that V'is a partition of L into intervals (e.g. an Li) and consider
it as an ordered set with the natural ordering. We will denote this ordered set by
L/V. Theset S/V corresponding to S will be the set of intervals containing at least
one point from S and similarly we may define the random variable A4/V corre-
sponding to A. It is easy to see that there is a cellprobe algorithm Q' on L/V with
the same depth, so that if S is p-good with respect to Q, A4 then S/V is p-good with
respect to Q’, 4/V. (Lemma 2.)

Now we return to the proof. Let P be the partition on S induced by f,. We
will prove a combinatorial lemma (Lemma 6) which essentially states that if we
pick a random i< and then a random J€L' (with uniform distribution in both
cases), then with probability of at least 1/(4¢log q) there is a class C of P so that C

intrseects at least |J/Li+Y| /Vlog g elements of J/L'1, The meaning of this state-
ment for us is that if we consider the universe J/L'+' then in this universe we will
have a sufficiently, dense S’, namely (CNJ)/L*! can be S’. We have that, roughly
speaking, a positive proportion of the intervals in all of the L’ has the property that
at least one class of § is dense in them (in this case we will say that J has the density
property). This has the following consequence:

When we pick the value of 4, the first step is to choose the intervals of Y.
From the more than (log ¢)® elements of ¥ with high probability at least, (log ¢g)°
will have the above mentioned density property. Let D be the set of these intervals.
In the following we will suppose that D is fixed in a suitable way, and we will con-
sider the random variable 4, with this condition. We will denote this random vari-
able by 4P. We will choose D so that S is p-good with respect to O, AP. (To make
our notation simpler we omit the superscript D in the following.) Suppose
D={J,, ..., J}, s=(logg)® and for all 1=i=s p; is the maximal number so that
SNJ; is pgood with respect to Q|J;, A,NJ;. Since the random variables A4,NJ,
are mutually independent Lemma 4 (described after the definition of Q|J)

implies that [] p;=p. Since p=g~°#7 we have that for at least one i p;=1/2.
j=1

Let J=J,.
SﬂJ is 1/2-good with respect to QJ, A, J, so now we can fix a value w of
fo sothat Q, is still 1/(2g)-good with respect to Q|J, 4,NJ. Let S={xeSN
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NJ|fy(x)=2z}. J has the density property so we may suppose that S intersects at least

|ilVg classes of J*. Therefore if we consider the factor universe J/J*, then here the
corresponding set S/J will be (g')~"°87-good with respect to (Q|J,)/J*, ANJ/J*
where ¢"=|J/J}. According to the definition of A, the random variable A4;_;=
=(4,NJ)/J*, which proves our statement,

3.

Suppose now that S is p-good with respect to O, R where Q is of type I, b, g
and RS L is an arbitrary random variable. The following definition and lemma
shows how can we deduce from the existence of such a Q the existence of another
cellprobe algorithm Q’(=Q,,) of type I—1, b, g which still has a p’-good set S”
with respect to @', R, and so that p/p’ is not too big.

Assume that Q=(F, T), HS L and x€L. When we determine the value of
FTH) (x) then at the first step we inspect the contents of a cell i, (where i, depends
only on x). Suppose that the contents of iy is w. After this step we examine only /—1
cells and if the value of w is fixed it is like performing a cellprobe algorithm of length
I—1. So for a fixed w we can define a cellprobe algorithm Q,,=(F,, T) of type
{—1, b, g where T is the same as in @, and F, is the last /—1 steps of F using the
assumption that the contents of the first examined cell is w. In the following we give
a more formal definition.

Definition. Let Q =(F, T') be a cellprobe algorithm of type /, b, g on L F={fy, ..., f1)-
If wis a 0, 1 sequence of length b then let F*= <fy”, ....fi¥;) where f*1 (2, ..., Z;)=
=f;(w, 2, ..., 2;) for j=1,...,1. Let Q,=(F,,T). @, is a cellprobe algorithm
of type {I—1,b,g) on L.

The following lemma states that it is possible to fix w so that if 0'=0Q,
and §” is a subset of S where the function f; is constant then the ratio p/p’
is at most 2°.

Lemma 1. Let Q=(F, T) be a cellprobe algorithm of type I, b, g on L, let REL
be a random variable, let SSL, and 0=p=1, and suppose that S is p-good with

respect 10 Q, R. If x,€S and S'={yeS|fo(x)=S(»)}, where F={fy, ... f1),
then there exists a 0,1 sequence w of length b so that S’ is 2~ p-good with respect

to Q,, R

Proof. Since there are only 2% possibilities for the contents of the cell i=f;(x,),
there is a w so that P((T(R))(i)=w for all y€S’Q(R, y)=predg(»))=2"". Since
P(Vy€S’Q(R, y)=predp(y))=p we have

(%) P((T(R)(i) = w and for all y€S’Q(R, y) = predg(y))=2-"p.

y€S’ implies fy=1i, hence from T(R(i))=w follows: for all y€S'Q(R,y)=
=0, (R, y). Thus () is equivalent to the assertion of our Lemma. J]

In the following we give somewhat more general definitions for QJJ and
Q/V than in the sketch of the proof. The following definitions have an algebraic
character. If we have only the ordered set L we may define substructures and factor-
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structures of L. A substructure will be an interval of L with the induced ordering,
a factor-structure of L will be a set of intervals which form a partition of L with
the natural ordering. In both casecs if a cellprobe algorithm is given in L we will
define corresponding cellprobe algorithms on substructures and factor-structures
in a natural (but not unique) way. We will show that these algorithms preserve
and sometimes even amplify the nice properties of Q.

Definitions. 1. If W is a partition of an ordered set into intervals then on the classes
of W we may define a linear ordering by Jy<J, iff for all x€J;, and y€J, we
have x<y. We will denote this ordered set by L/W. If SSL S/W will be the
set of those elements of L/W which contain at least one point from S. If USL/W
then U~" will be the set of the smallest elements of the elements of U.

In the following definition we will give a factor algorithm Q/W on the factor
structure. This definition also will depend on a function ¢. For each element J of
L/W o(J) will be an element of J. We will define Q/W so that (@/W)(U, J) is the
unique interval containing Q(U-Y, ¢(J)). When we will use this definition the
choice of o will depend on the set S as is described in Lemma 2 below.

2. Let Q=(F, T) be a cellprobe algorithm on L, let W be a partition of L into
intervals, and let o(J)eJ for all JEW. We define a cellprobe algorithm Q°/W=
=(F', T’y on L/W in the following way:

First we give the function 77 that tells how we should fill out the table when
a subset USL/W is given. Let T/(U)=T(U-¥). Now we have to define the
program F’ which specifies when a query JEL/W is given, how will we examine
cells in the table T"(U) and at the last step what will be our answer.

We will do everything but the last step in the same way as in the case of the
original algorithms Q when the query is ¢(J) and the given subset is U~¥. That
is we examine the cells of the table T(U-")=T"(U) according to the rules given
by F if the query is o(J). In the last step we get an answer z which is an element
of L. Now our answer will be the unique element of L/W containing z. In a more
formal way we can say that F’={h,, ..., ) where F={f;,...,f;y and for each
i=0, ..., I—1 we have A(Xo, ..., Xi_1, J)=f(X0s +0» Xi—1, 6(J)) and #(xp, .os Xy—1,J)
is the unique interval in W containing fi(x, ---,» X1, 6(J)).

Lemma 2. Let L be an ordered set, W a partition of L into intervals, O a cellprobe
algorithm on L and S SL. There exists a map ¢ of L/W into L so that, for all
USL/W we have: ¥Vx€SQ(U-V, x)=Predy-w(x) implies ¥ JES/W(Q")(U, J)=
=Predy (J), where S/W is the set of classes of S which contains at least one
point from S.

Proof. For JEL/W let o(J) be an arbitrary element of JNS provided that JNS
is nonempty; otherwise let 6(S) be an arbitrary element of J. Our assertion follows
immediately from the definition of Q°/W.

Corollary. Let L be an ordered set, W a partition of L inio intervals, Q a cellprobe
algorithm on L, SCSL, RESL a random variable, and 0=p=1. Suppose there
is a random variable R'CL/W so that R'—%=R. If S is p-good with respect to
0, R then there is a function ¢ so that S|/W is p-good with respect to Q°/W, R,
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Proof. If a value of R satisfies the equation given in the definition of p-goodness,
then according to Lemma 2 the corresponding value of R’ also satisfies this equation.

If J is an interval of L and @ is a cellprobe algorithm on L then we will define
a cellprobe algorithm @°|J on J, where ¢ is a map from the set of all subsets of J
into the set of all subsets of L. The choice of ¢ again will depend on S. Our
aim is to define Q°|J so that (Q°|J)(H, x)=0(c(H), x) provided that the latter is
an element of J.

Definition, If Q=(F, T) is a cellprobe algorithm on L and J is an interval on
L and o is a map from the power set of J into the power set of L, then we define
a cellprobe algorithm Q°|J=(F’, T") on J. Let T'(H)=T(c(H)) for all HEJ.
The program F’ is the same as the program F except for its last step. If F gives
an answer which is an element of J then this will be the answer of F’ too. If the
answer returned by F is not in J then the corresponding answer of F’ will be the
smallest element of J. That is if F={f;, ..., fiy then F'={f,, ..., fi_1, h) where
AR)=f(®) if fi(®€J and h(X)=min (J) otherwise.

Lemma 3. Let J be an interval of the ordered set L, SSL and Q a cellprobe algo-
rithm on L. There exists a map o from the power set of J into the power set of L so
that for each fixed Y S L if V x€ SQ(Y, x)=predy(x) then V¥ x€¢ JNS(Q°|)(¥YNJ, x)=
=pred{n; (x). (For HESJ, pred) designates the predecessor function for the
universe J).

Proof. Indeed if HEJ then we will consider two possibilities:

(1) thereis a GEL with GNJ=H and VxcSNJO(G, x)=preds(x);

in this case let 6(H)=G (for some G with this property).

(2) there is no subset of L which satisfies (1),

in that case let o(H) be an arbitrary subset of L.

Now let YEL be fixed with the property Vx€SQ(Y, x)=predy(x). H=YNJ
obviously satisfies (1) (e.g. with G=Y), so o(H)=Y which implies our
assertion.

Lemma 4. Let Jy, ..., J; be disjoint intervals of the ordered set L; RySL— ) J;,

i=1

R, EJy, ..., Ry EJ;, independent random variables, R=\j{R;|j=0,1,...,i}, Q a
cellprobe algorithm on L, and S L.

If S is p-good with respect to Q, R then there are o, ..., 6; so that, if for all

Jj=1 SNJ; is pj-good with respect to Q°|J;, R;, o=0; (and p; is maximal with

this property) then [ p;=p.

j=1
Proof. Apply Lemma 3 with J—J; and let o;=0. Suppose now that for some
fixed value of the random variable R we have Vx€SQ(R, x)=predz(x). Lemma 3.

implies that for each j=1, ..., i we have Vx€J;NS(Q°|J;)(RNJ;, X) =pred{¢!mj (x)
The first equation holds with probability at least p, the second with probability p;,

and the random variables R; are independent so we have [ p;=p.
=1

In the following we give the definition of the random variable 4,. In the
sketch of the proof we said that we partition L into intervals of length approxi-
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mately |L[V2. As we describe in the following definition we will actually partition
L into intervals whose length (with one possible exception) is [|L|¥?] and the excep-
tional interval is not longer. The exceptional intervals make the definitions some-
what cumbersome, but they do not cause any serious problems in the proof.

Definition. Let L be an ordered set. L' will denote the partition of L into intervals,
where each interval but the greatest one (according to the ordering in L/L') con-
tains exactly [|L|Y2] elements and the greatest interval contains at most [|L[/?]
elements. We call the greatest interval exceptional if it contains less than [|L|¥¥]
elements. For any i we define a partition L' of L by induction on i Let
Li={J|there exists K€ L'~!, JEK'}. (That is for each interval K of L which is a class
of L'~ we form the partition (of K) K. The classes of all of these partitions together
form the partmon L) We say that J is exceptmnal in Lt if either the correspondmg
K is exceptional i m L'+ or J is exceptional in KL Obviously Jy {J€L|J is excep-

tional in L'} = 2’ |LE-2 ' =2|L-%
i/

Beafore we start the the proof of the theorem we remark that there are a few
technical points where the sketch and the actual proof differ:

(1) The definition of the random variable A,.

Since we define the random variable on different universes we will denote
the random variable defined on the universe L by A ;. In the sketch we used a
constant ¢ as a parameter in the definition of 4;,. Now, to make the formula-
tion of the theorem simpler we will replace ¢ by loglog [L| but in the actual proof
we will use only that part of A, , which occurred also in the original definition.

(2) In the original formulation of our theorem we said that each cell con-
tains log|L| bits of information. We prove that given the existence of a cellprobe
algorithm with certain properties, another cellprobe algorithm of smaller length
exists on another universe L’ with the same properties. Since [L'j<|L] if we insist
on b=log|L|, then in the new universe the cell length " can be smaller than the
original cell length b, which creates considerable difficulties in the proof. To avoid
this situation we will suppose that b=clog|L| for some constant c¢. (¢ does not
depend on |L| but it may depend on { or k.) The constant ¢’( 5’=c¢"log |L]) can be
bigger than ¢ but it still remains a constant.

Definition. We define a random variable 4; ;&L for any ordered set L and posi-
tive integer k. For k=1 let Ay, be a random subset of L with [(log |LD]® ele-
ments. Suppose A4, k 1 is defined for any ordered set L. Let Z be the set of all systems
of intervals I, ; i=1, ..., [log Iog (L]} j=1, ..., [(log |[L])*] so that all [, ,j are pair-
wise disjoint and for a ﬁxed i1 ;isa nonexceptlonal element of L; for all 7

Let H={I, ;} be a random element of Z with uniform distribution on Z. For
each 7; ; let us consider the ordered set L; ;=I; ;/(I;,)'. According to our inductive
hypotheses Ay, ,x—1 15 already defined. Let us suppose that the random variables
Ay, r-1are mdependent

Let A, k-U {min J|J€ 4

intervals occurrmg m some Ay,

»k—1}» that is the set of minimal elements of the
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Remarks. 1. In the definition of 7, ;, i is between 1 and [loglog|L|]. Actually
we may substitute [log log |L|] by any function F whichis not greater thanlog log [L]
and increasingly tends to infinity with |L|. We will use only values of i which do not
depend on |L].

2. (log |[L])*—1=|AL=(log [L)***+! if |L| is sufficiently large compared to k.

Definition. Let / be a nonnegative integer and & a positive integer. P, ; will be the
following assertion: there exist ¢;,¢,>0 such that for any N, there is an ordered
set L, |L|=>N, and a cellprobe algorithm Q on L of type {, b, g), b=[c, log |L]},
g=[(log |L)*] and a set SSL, |S|=|Ll/log|L] so that S is 1/(|L|°t!¥)-good
with respect to Q, 4y ;.

Theorem. (a) If /=0, k=1 then P, implies P;_; ;...
(b) P, does not hold for any k=1.

Proof. (b) Suppose P, ; holds and Q is an algorithm of type (0, (log ), ¢, log g)
given in the definition of P ,. The definition of a program (fp, ..., f;), implies
that if /=0 then FT(x) does not depend on 7. So we have that Q(A4,x) does
not depend on A, which clearly contradicts the assumptions “S is g—'°#%-good
with respect to O, Ay ,; |Sl=g/log g”.

The foliowing Lemma implies (a).

Lemma 5. Given [1=0, k=1, ¢;, ;>0 there exists a positive integer u such that
if \L} is sufficiently large and Q is a cellprobe algorithm on L of type (I, b, g),
b=[e; log|Ll], g=[(log|Ll)"], SSL, |Ll/log|Ll, and S is |L|="¢\"-good with
respect to Q, Ay, then there is an i=u and a nonexceptional interval J in L' and an
X%o€S and a0, 1 sequence w of length [c, log [L|] with the following property:

If 8'={yeSNJ| fo(N)=fo(x0)} Where Q=(F, T, F={fy, ....fy). then for
suitable oy, o, S’[J* is (1/2)|L|~°:-good with respect to (Q7|J)32, Ajnx— and
IS’ /7 =1J/J M /log [J/J*].

First we prove a combinatorial lemma necessary for the proof of Lemma 5.

Definition. Suppose Q,, .., Q,+1 is a sequence of partitions of the finite set L so
that for all i=1,...,u ;. is a refinement of @;, SESL and P is an arbitrary
partition of S. We say that P is d-dense in the set XK€ Q; (where d>1) with respect
to Q44 if there is a CeP with |y {K'|K’€Q;4+, and K'SK and K'NC#0)=
=(1/d)|K].

Lemma 6. For all natural numbers t there exists a natural number u such that if
L is a finite set, d=1, Q,, ..., Q, is a sequence of partitions of L, Q; ., is a refinement
of Q; for all i=1, ...,u; SSL,|S|=(/d)|L| and P is a partition of S with at most d*
classes, then

(%) U {K]| there exists ani<uwithK€ Q,and PisYd dense in K with respect to

Qi+ }l=(1/2d)| L.

Proof. Let us define a subset R; of Q; for all i=l,...,u. For i=1 and K¢€Q,
let K€R, iff P is not Yd dense in K and KN(UY P)#0. For i>1 and K€Q; let

KER, iff P is not Yd dense in K, KN( P)>0 and there is a K’€Q;_, with
KCK’, K’€R,_;. For all i=1,...,u and CEP let R, (C)={KER,|KNC=0}.
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First we prove that for all C€P and i

(1 |U{KIKER:+1(C)}| = (1/Va)|ULKIKER(C)Y-

Indeed for all K’¢ R;(C) thereisa KER;_,(C) with K’ €K so it is sufficient
to prove that

(2*) for all KeR;_y(C) we have |U{K'|K’€R(C) and K’'SK} =
= (1/Vd)IK].

KER,;_, implies that P is not ¥d dense in K, therefore [U {KeQ)|K’ €K and
K'Nnc #0}[ =1/ ¥d |K| which by the definition of R implies (2x) and therefore (1 ).
According to (1) if u is sufficiently large compared to ¢ then | {K|K€ER,(C)}|=
=(1/2d**Y)|L] for all CCP thatis |U {K|KER,,}|§(1/2d)|L|.

Let H={K¢QJKN(U P)=0}. |U H|=(1/d)|L| and for all KEH—R,
P is VE dense either in X or in a set in some @,;, i<wu containing K, thatis
we have (*). B

Proof of Lemma 5. First we formulate 8 steps of the proof, then we prove each
step separately. These steps correspond to the various stages of the proof given in
the sketch.

Step 1. We will use the following notation: if i is a positive integer n(L’) will be
the set of all nonexceptional intervals of L'. Let P be the partition of S induced by
fo, that is x, y are in the same class iff fo(x)=/;(»). Let d(L)={Jen(L)|P is
Viog |L] dense in J with respect to Li*'). Our statement is the following:

_ There is a u>0, where u depends only on ¢, so that for some i=u
[d(LH/In(L) =1/(4u log |L}).

Step 2. Let {I; ;} be the system of random intervals given in the definition of Ay ;.
There is a u=>0 depending only on ¢, so that for some fixed j;=u we have

P({I,,, ;€d(Li)}| = (log IL)®) = 1—(1/2)|L|~eslLl,

Step 3. Assume that i, is the integer from Step 2. If D Sd(L%) then we define a
new random variable A7, whose distribution is the same as the distribution of
Ay, with the condition {I,, ;}Nd(L%)=D, that is for any XSL P(X=A4d} )=
=P(X=Ap |{I,, }Nd(L)=D).

Our assertion is the following: there exists a subset D of d(L%) with at least
(log |L|)® elements, so that S is (1/2)(JL])~'#!El.good with respect to Q, AP ,.

Step 4. Let D Sd(Lb) as defined in Step 3. There exists a JED so that SNJ
is 1/2-good with respect to Q%|J, AP .NJ for a suitable oy.

Step 5. If JED is the interval from Step 4, then there is an x,€S so that if
8 ={yeSNJ| fx)=f(»)}, then [{KEJKNS’0}|=(log |L)~4JY|.

Step 6. There exists a 0, 1 sequence w of length b so that §" is 1/2]L]“:-good
with respect to (Q%|J),, A2 xNJ.
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Step 7. 8’{J' is 1/2|L|~-good with respect to ((@%:|J),)/J*, (AL, NI for a
suitable o,.

Step 8. (Af,k ﬂJ)/J1=AJ/_;1,,‘_1 .

We complete the proof of Lemma 5 by observing that Step 5 and Step 7
and Step 8 implies that that the random variable 41 ., meets the requirements of
the lemma.

Proof. Step 1. Let us apply Lemma 6 with Q;=L!, d=log|L|, t=c¢;. Since the
exceptional intervals in L1, ..., L* cover only 2|L|'~%™" elements (see remark after

the definition), Lemma 6 implies that Luj Ud(L)=|L|/(31og |[L]) so there is an
i=1

i=u with the required property.

Step 2. We will denote by i, the number i whose existence is stated in Step 1. Let
U denote the set of those intervals in {Z; ;I which are not of the form [ ;. It is enough
to prove our assertion for the conditional probability with the condition U=U,
for all possible values of U,.

If U=U, is fixed then the intervals I, ; are taken randomly with uniform
distribution from the set of those nonexceptional intervals of Lis which are dis-
joint from (JU,. Let B be the set of those elements of n(L) which are disjoint
from all of the intervals in U,. According to the definition of 4;, |B|=
=(1—1/(100u log |L|))n(L%). Step 1 and this inequality implies that |[BNd(L%)|=
=|B|/(5ulog |L)). Since {I;,;} is a random subset of B with (log|L])® elements
it is easy to see that

P(|{F,, j€d(LW)] = (log ILIF) = 1—(1/2)|L| eI,

Actually here we are using only the following probabilistic fact: If H is a finite
set and X is a subset of |H| with more than (1/(c log |H|))|H| elements and Y is
a random subset of |H| with (log |H|)® elements then P(|XNY|>(log|H|)?)=
=1—(1/2)|H|-sl#b2, Here we have |H|z|L|V2

Step 3. According to Step2 P(I{L,, }Nd(Li)|=(log |L|)%)=1—(1/2)|L|~eslH,
Therefore the |L|~'¢!%! goodness of S implies that

P(VxE€SQ(x, ALx) = predy, ()l [{Z, JNdELD)] = (log |LI)*) = (1/2)|L] 7o,

Since for all distinct D (|D|=(log |L])?) the sets {X|X=4,, and {I;,;}N
Nd(L5)=D} are disjoint we have that for at least one D (with |D|=(log |L])%):

P(Vx€S0(x, A1) = predy,, () {I,, JNd(L%) = D) = (1/2)|L| sl
Step 4. Let D={J,,...,J}, s=(log|L|)®>. Apply Lemma4 with R;=A4P,NJ,
i=1,...s Ry=AP—|)D. If for all i=1l,...,s p,=1/2 then p=<(1/2)|L[-%e!

in contradiction to our assumption.

Step 5. Our assertion is an immediate consequence of J€d(Lh).
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Step 6. Apply Lemma 1 with L—+J, R~A4P,NJ, S—~8’ and Q—(Q%|J.

Step 7. Apply the Corollary of Lemma 2 with L—~J, W—J', R-A2,NJ, R'=
=Ap NI/, §~S".

Step 8. Our assertion follows from the recursive definition of 4y .
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